Introduction
The flexure hinge is a mechanical member that substitutes a conventional rotational joint in order to produce a limited angular motion about one axis. Being monolithic with the links it connects, the flexure hinge is highly energy-efficient since it has zero friction and backlash.
A monolithic flexure hinge is usually obtained by machining one or two cutouts in a blank material. In order to be functionally effective, a flexure hinge must be compliant in bending about one axis, to favor the intended rotation, but rigid about the cross axes to prohibit or minimize any other motion. A generic flexure hinge configuration is shown in Fig. 1 .
Flexures can be fabricated in several configurations, depending on the cross-section profile. Some of the most common flexure hinges are illustrated in Fig. 2 .
The seminal work of Paros and Weisbord ͓1͔ constitutes the landmark into the analytical approach of monolithic flexure hinges. The design equations, both exact and simplified, are derived for calculating the compliances ͑spring rates͒ of single-axis and two-axes circular-cutout constant cross-section flexure hinges. Specifically, the angular and linear deflections produced on all three axes are expressed in terms of the corresponding external loading.
Ragulskis et al. ͓2͔ applied the static finite element analysis to filleted flexure hinges in order to calculate their compliances. The analysis results allowed specifying flexure configurations with minimum bending stiffness.
In an approach similar to that of Paros and Weisbord ͓1͔, Smith et al. ͓3͔ provided closed-form equations for the mechanical compliance of elliptic cross-section flexure hinges. An elliptical flexure hinge is ranging between a circular flexure hinge and a simple beam in term of its compliance. The model accuracy was verified by finite element analysis and experimental measurements.
Xu and King ͓4͔ performed static finite element analysis of corner-filleted and elliptic flexure hinges. A comparison was made with right circular flexure hinges which revealed that the cornerfilleted flexure is the most accurate in terms of motion, the elliptic flexure has less stress for the same displacement, while the right circular flexure is the stiffest.
There are several papers presenting applications that incorporate flexure hinges into specific designs. A few are mentioned in the following.
Weinstein ͓5͔ introduced the single-, two-and three-strip flexure pivot bearings. The beam theory was used to analyze design issues by means of equations giving the spring rate and several dimensionless-parameter diagrams. Goldfarb and Speich ͓6͔ presented the design and analysis of a revolute joint for compliant mechanisms consisting of a longitudinally-split thin cylinder.
Lobontiu ͓7͔ analyzed the dynamic response of a two-link pendulum with rectangular flexure hinges that are substantially thinner than the adjoining links. Designs were proposed in terms of the defining geometry that would enable the free extremity follow a prescribed trajectory.
Her and Chang ͓8͔ proposed an analytical scheme that allows displacement calculations for micro-positioning stages with integrated flexure hinges. The method was assessed by comparison to finite element results.
Howell and Midha ͓9͔ introduced a computer-aided design approach to pseudo-rigid-body mechanisms that include compliant flexure pivots. The corresponding analysis consists of a rigidbody kinematic module coupled with a finite element-type large deflection algorithm dedicated to the short flexure hinges.
Ryu, Gweon, and Moon ͓10͔ developed the mathematical model of a three degree-of-freedom micro-motion stage that incorporates several right circular flexure hinges and levers. An equivalent mass-spring system was further analyzed, and forcedisplacement equations were formulated enabling to maximize the amplification of the micro-stage under specified restrictions.
Ryu and Gweon ͓11͔ proposed a modeling and quantifying scheme of the motion errors induced by machining imperfections into a flexure hinge mechanism.
Ryu et al. ͓12͔ analyzed a flexure hinge mechanism consisting of levers ͑modeled as rigid bodies͒, flexure hinges, and piezoelec- This paper addresses the corner-filleted flexure hinges. Their in-plane behavior is only analyzed since these rotational connectors are designed to be incorporated in planar mechanisms. The closed-form compliance factors are formulated in terms of length l, thickness t and fillet radius r for constant-width, corner-filleted flexure hinges. It is demonstrated that a corner-filleted flexure hinge spans a domain bounded by the simple beam ͑r ϭ 0͒ and the right circular flexure hinge ͑r ϭ l/2͒. Finite element simulations are performed to verify the accuracy of the model-predicted compliance factors for several design configurations. The results are in good agreement with those produced by the analytical approach within 10 percent relative error margins. The experimental measurements also confirm the analytical predictions with relative errors less than 6 percent. Compared to the right circular flexures, the corner-filleted flexures can be up to 6 times more bendingcompliant. They also induce substantially lower stresses but are less precise in keeping the position of the rotation center. All these conclusions are formulated by analyzing several ratio functions that are defined in terms of two non-dimensional variables.
Motivation and Assumptions
The authors are implementing corner-filleted flexure hinges into piezoelectric-driven amplification mechanisms. A typical configuration is sketched in Fig. 3 that can amplify the input displacement more than 20 times in an optimized design while Fig. 4 shows the geometry of a generic corner-filleted flexure hinge.
The paper characterizes the corner-filleted flexure hinges in terms of compliance to external loading, precision of rotation and stress levels by providing closed-form solutions to these problems as efficient alternatives to the more time-consuming finite element approach.
The mathematical model is based on several simplifying assumptions that are summarized in the following:
• The flexure hinges are assumed to be long and thus, according to strength of materials ͑see Young ͓13͔, for instance͒, the deflection due to shearing is negligible for such beam-like structures.
• The hinges discussed here are part of plane devices where both the input and output are planar; essentially this allows conducting the study for only three degrees of freedom: two in-plane translations and one rotation, normal to the translation plane.
• Compared to other effects, the bending and axial tension/ compression are prevalent and thus only these factors are considered in all subsequent derivation.
• Since all deformations of a flexure hinge are small, the small displacement theory is applied for both bending and axial effects.
• The boundary conditions for a flexure hinge are fixed-free, and this is a good approximation provided the loading is accurately specified.
• The beam comprises three portions: two are mirroredidentical and have variable cross-sections at the filleted ends, while the middle segment is of constant cross-section.
• The Castigliano's second theorem is utilized throughout this paper to formulate the compliances of corner-filleted flexure hinges. Figure 5 indicates the loading and deformations of a beam-like corner-filleted flexure hinge.
Compliance Model

Problem Formulation.
The Castigliano's first theorem is applied in order to express the displacements at the flexure's free end:
(1) where the elastic strain energy is:
The equations providing the moment of area, bending moment M and axial force N over different intervals are given in the Appendix. Equations ͑1͒ and ͑2͒ result in:
where the compliances are:
The I 1 through I 8 integrals are:
with:
Equations ͑4͒ through ͑14͒ produce the closed-form compliance factors:
3.2 Limits to the Compliance Factors. The fillet radius r can only vary between r min ϭ0 ͑when the flexure is actually a simple beam͒ and r max ϭl/2 ͑when the corner-filleted flexure becomes a right circular flexure͒.
In both cases, expressions are available for the compliance factors from the engineering theory of beams and the work of Paros and Weisbord ͓1͔ that treated the problem of circular flexure hinges.
It is demonstrated in the following that the compliance expressions of a generic corner-filleted flexure match their aforementioned limits.
(a) Non-filleted flexure (r ϭ 0; engineering beam theory) Taking r ϭ 0 in Eq. ͑15͒ gives:
Equation ͑19͒ is identical to the beam theory formula that expresses the end rotation produced by an end bending moment for a fixed-free beam.
Taking r ϭ 0 in Eq. ͑16͒ produces:
which is identical to the solution given by the beam theory that relates the end deflection to the end bending moment for a fixedfree beam. Taking r ϭ 0 in Eq. ͑17͒ yields:
which coincides with the simple beam formula that assesses the end deflection determined by an end force for a fixed-free beam.
Taking r ϭ 0 in Eq. ͑18͒ gives:
which is the same as given by theory for a simple fixed-free bar in extension. 
Similarly, Eq. ͑16͒ transforms into:
which is identical to Eq. ͑3͒ of Paros and Weisbord ͓1͔ in the particular case of right circular flexures. Equation ͑17͒ can be reformulated as:
and this is identical to Eq. ͑9͒ of Paros and Weisbord ͓1͔ for right circular flexures. Equation ͑18͒ gives:
which coincides to what Eq. ͑25͒ of Paros and Weisbord ͓1͔ yields for right circular flexures. 
Corner-Filleted Versus Right Circular Flexure Hinges in Terms of
The non-dimensional variables defined in Eq. ͑31͒ are now used to compare the corner-filleted flexure hinges to their corresponding equal-length, right circular flexure hinges in terms of compliances. The ͑*͒ superscript indicates a right circular flexure hinge and the ͑*͒ compliances are obtained by taking l ϭ 2r.
Specifically, three functions are defined in the following. The first function is: f 11 ͑ ␦,͒ϭC 11 /C 11 * (32) where C 11 and C 11 * , are simply obtained from Eq. ͑15͒ by using the notations given in Eq. ͑31͒. It also can be seen that:
where C 12 and C 12 * , are given by Eqs. ͑16͒ and ͑31͒.
The next function is:
where C 22 and C 22 * , are simply obtained from Eq. ͑17͒ by using the notations given in Eq. ͑31͒. The last function is:
with C 33 and C 33 * , yielded by Eqs. ͑18͒ and ͑31͒.
Figures 6͑a͒, 6͑b͒ and 6͑c͒ are three-dimensional plots of the functions defined above.
The corner-filleted flexure hinge can be 5 to 6 times more bending-sensitive compared to its right circular counterpart, when the fillet radius is sufficiently small, as illustrated in Figs. 6͑a͒ and 6͑b͒. At the same time though, a corner-filleted flexure hinge is more axially-sensitive at small fillet radii than its corresponding right circular flexure ͑up to 1.5 times, as indicated in Fig. 6͑c͒͒. 
Precision of Rotation
Problem Formulation.
Ideally, the center of the flexure, which can also be considered as the 'center of rotation,' ͑point 5 in Fig. 5͒ , should not translate at all under the loading, but this is actually impossible since the whole flexure deforms under the combined action of bending and tension.
In order to quantify the offset of the center of rotation, the horizontal and vertical displacements x 5 and y 5 are calculated by superimposing two 'dummy' loads F x5 and F y5 to the actual loads F x1 , F y1 and M z1 ͑see Fig. 5͒ . The Castigliano's first theorem is subsequently applied in the form:
where U e is given in Eq. ͑2͒. The bending moment M and axial force N are provided in the Appendix.
The displacement of the center of rotation can be alternatively expressed in matrix form as:
The integrals I 3 , I 4 and I 6 are defined in Eqs. ͑7͒, ͑8͒, ͑10͒ while C 33 is given in Eq. ͑18͒.
The closed-form solutions for C 12 Ј and C 22 Ј are: The expressions of C 12 *Ј and C 22 *Ј are simply obtained from Eqs. ͑39͒ and ͑40͒ by taking l ϭ 2r. Figure 7 , for instance, shows the three-dimensional plot of the f 22 Ј function defined above.
As a consequence of being more compliant than the right circular flexure hinges, the corner-filleted flexures are also less precise in keeping the center of rotation with minimum offset. The shift of the rotation center caused by bending effects only can be 10 to 15 times larger in a corner-filleted flexure than the shift experienced by a similar right circular flexure hinge for the same amount of loading. For small/micro-scale applications where two links connected by a flexure must replicate pure rotation as close as possible, this aspect might pose serious limitations. In medium/ macro-scale applications though, this relative disadvantage is not paramount since the gains of large motion capability at lower stress levels are strong factors in favor of the corner-filleted flexure. It is also worth noting that Fig. 7 depicts the relationship between the two flexure types in a relative fashion. In reality, the absolute values of the rotation center's shift are very small, and they do not seriously endanger the precision of the relative rotation between two adjoining links.
Stress Limitations
Problem Formulation.
The normal stresses on the cross-section of the flexure hinge are the result of bending and axial loading when shearing, as previously stated, is neglected. The filleted area can be looked at as a stress concentrator. As a result, the maximum stress on the upper fiber can be expressed as:
assuming that both M z1 and F y1 have similar bending effects. The stress concentration factors k b ͑in bending͒ and k a ͑in axial loading͒ can be found in textbooks like those of Young ͓13͔ or Peterson ͓14͔. Equation ͑43͒ is useful when the external loads acting on the flexure are known in advance. Often times, though, the loading is at least partially unknown, but the displacement field is specified and, as a consequence, Eq. ͑43͒ needs to be modified accordingly. Equation ͑3͒ is first expressed as:
where the stiffness terms are: 
Equation ͑46͒ allows evaluating the maximum stress in terms of the specified displacement values at the tip of the flexure. Both Eq. ͑43͒ and Eq. ͑46͒ could be utilized in actually designing or only checking an already-designed corner-filleted flexure. Designing a flexure by means of Eq. ͑46͒ would imply multi-dimensional non-linear optimization and this is beyond the scope of the present work. The difference in stress levels, if any, between the two flexures is then produced by the stiffness difference, as suggested in Eq.
Corner-Filleted Versus
͑46͒.
A comparison is carried out between the stiffness factors. Again, the non-dimensional variables of Eq. ͑31͒ are utilized.
The following function is introduced: (47) where the superscript denotes the right circular flexure hinge. K 11 * is simply obtained by taking l ϭ 2r in Eq. ͑45͒. Figure 8 shows the three-dimensional plot of this function. Similar results were obtained for the other stiffness ratios that have been accordingly defined and therefore no other plots are included here. Figure 8 indicates that the stiffness of a right circular flexure hinge can be 20 times higher than the one of a corresponding corner-filleted flexure hinge with small fillet radii, and this directly translates to the stress levels, as Eq. ͑46͒ indicates.
Finite Element Results
The finite element model shown in Fig. 9 was utilized to verify the compliance equations for several corner-filleted flexure designs. The ANSYS finite element software was used to run all finite element static-load simulations. Two dimensional, 6 degreeof-freedom per node, Shell 63 elements were utilized. It was considered that the flexures are made of 5ϫ10 -3 ͓m͔ thick titanium alloy with a Young's modulus of 11ϫ10 10 ͓Pa͔ and a Poisson's ratio of 0.33. Vertical forces F y , horizontal forces F x , and moments M z were sequentially applied at point 1 ͑Figure 9 where l ϭ 0.01 ͓m͔͒, and the corresponding vertical displacements, horizontal displacements, and rotations were read. This allowed calculation of C 11 , C 12 , C 22 and C 33 by means of Eq. ͑3͒. Table 1 comprises the analytical and finite element results together with the design parameters of several flexure hinges.
The analytical and numerical data were in good agreement, as Table 1 shows it. The relative errors between analytical and finite element results were less than 10 percent.
Experimental Results
Two 5ϫ10
-3 ͓m͔ thick aluminum corner-filleted flexure hinge specimens were fabricated and tested in bending. Two different experimental setups were arranged in order to determine the compliance factors C 12 and C 22 . In one test, a couple was applied to the flexure by means of two equal and opposite forces F x , as sketched in Fig. 10͑a͒ . The couple consisted of two equal weights that were applied symmetrically with respect to the flexure longitudinal axis. An eddy current displacement sensor was used to measure the deflection at point 1. Knowing the loads and their spacing d, provided the value of the moment M z1 . It was thus possible to evaluate the compliance factor C 12 for each load step, as indicated in Eq. ͑3͒. A similar procedure was utilized to evaluate the compliance factor C 22 by measuring the deflection at point 1 under several weights also applied at 1, as shown in Fig. 10͑b͒ . The experimental data is summarized in Table 2 .
The specimens were loaded with seven different loads in each experimental setup and the corresponding compliances were calculated as average values. The results for a given specimen and test were consistent within a 4 percent error margin. The experimental data confirmed the theoretical model predictions with relative errors less than 6 percent.
Conclusions
The paper presents an analytic approach to corner-filleted flexure hinges that are utilized in monolithic mechanisms to produce limited rotation. The closed-form solutions of the compliance factors for corner-filleted flexure hinges are derived. It is demonstrated that a corner-filleted flexure hinge spans a field whose limits are the simple beam ͑for a fillet radius of r ϭ 0͒ and the right circular flexure hinge ͑for a fillet radius of r ϭ l/2͒. The finite element results are in good agreement with those yielded by the analytical approach with relative errors less than 10 percent. Experimental measurements were also performed that confirmed the analytical predictions with errors less than 6 percent. The corner-filleted flexures are shown to be more compliant in bending compared to the right circular flexures. They also induce substantially lower stresses but are less precise in keeping the position of the rotation center. All these conclusions are formulated after studying several compliance ratio functions that are defined in terms of two non-dimensional variables. 
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